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Abstract 
Ito showed that stratifiable spaces in which there is a closure preserving local base at each point 
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look at some of the properties of these spaces. A subtler weakening of one of the characterizations 
of monotone normality leads to a new class of spaces we call “monotonically Tz”. Besides giving 
a considerably larger class of spaces, the monotone T2 property is, for example, preserved under 
arbitrary box products. Also, there is a strong relationship between the mi-spaces and the monotone 
Tz property, and in some circumstances they are equivalent. We also discuss similar analogs of 
acyclic and strong monotone normality. 
Keywords: Acyclic monotone normality; Box product; Monotone normality; h4l-space; 
m,-space; Stratiliable; Strong monotone no~ality 
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1. Introduction 
The class of stratifiable (M3) spaces includes all metric spaces, CW-complexes, and 
many topological groups. Stratifiability is hereditary and countably productive, and is 
preserved by closed maps and adjunctions. Nonetheless, tratifiable spaces have most 
of the strongest and most useful properties of metric spaces: paracompactness and the 
Dugundji extension theorems and they can all be embedded as closed subspaces of 
stratifiable abelian free topological groups [21]. Yet after more than thirty years there is 
still no answer to Ceder’s original question: Is every stratifiable space an Ml-space?, i.e., 
- does every stratifiable space have a u-closure preserving basis? A number of things 
are known. Gruenhage [IO] and Junilla 1181 proved that Mj-spaces are Mz-spaces (have 
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a a-closure preserving quasi-base), but whether M?-spaces are Mt-spaces remains a long 
standing open question. One major advance is Ito’s theorem [ 171 that stratifiable spaces in 
which there is a closure preserving local base at each point are MI. Here we study mt-, 
m2-, and ms-spaces, localized versions of Ceder’s Ml-, Mz-, and Ms-spaces inspired 
by Ito’s theorem. The motivation is Ceder’s question, but there are some interesting and 
surprising results about mi-spaces. 
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a property we call the monotone Tz property, a natural analog of monotone normality. 
Monotone normality is a property of stratifiable spaces shared by several other large 
classes of spaces, in particular, linearly ordered topological spaces and some topolog- 
ical groups [l-3,14]. The monotone T2 property, that we define in Definition 2.3, has 
some advantages over monotone normality. We show, for example, that it is preserved 
under arbitrary box products. There are similar analogs of acyclic and strong monotone 
normality. 
We begin with a definition of monotone normality and some characterizations. 
Definition 2.1. A Tl space X is monotonically normal if there is a function G which 
assigns to each ordered pair (25, K) of disjoint closed subsets of X an open set G(H, K) 
such that: 
(i) HcG(H,K)cG(H,K)cX\K; 
(ii) if (H’, K’) 1s a pair of disjoint closed sets such that H c H’ and K > K’, then 
G(H, K) c G(H’, K’); 
(iii) G(H, K) r! G(K, H) = $. 
The function G is called a monotone normality operator for X. 
Note that in Definition 2.1 the condition that H and K are disjoint closed sets may 
be replaced with the condition that H and K be mutually separated sets in X. 
Theorem 2.2 [ 141. The following are equivalent in a Tl space X. 
(a) X is monotonically normal. 
(b) There is afunction G which assigns to each ordered pair (p, C), with C closed in 
X and p E X \ C, an open set G(p, C) such that: 
0) p f G(P, C) c X \ C; 
(ii) if D is closed and p $ C 3 D then G(p, C) c G(p, 0); 
(iii) ifp and q are distinct points of X, then G(p, {q}) f~ G(q, {p}) = 8. 
The characterization of monotone normality in Theorem 2.2 would seem to be a 
“monotonically T3” property (maybe even a “monotonically T2” property). One might 
then expect the following definition of “monotonically T2” to also be equivalent to 
monotone normality, but it is not. 
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Definition 2.3. A topological space X is monotonically T2 if there is a function 
g : X x X + 7~ assigning to each ordered pair (z, y) of distinct points in X an open 
neighborhood, g(z, y) 2 X, of z such that: 
(iI 9(x, Y) (1 s(y, x) = 0; 
(ii) if 2 E U{g(y,s) 1 y E M}, then z f z. 
We will call such a g a monotone T2 operator on X. 
Of course, every monotonically normal space is monotonically Tz. The so-called tan- 
gent disk space (Niemytzki plane) is a monotonically T2 space which is not even nor- 
mal [4]. 
Definition 2.4. Let naEA X, denote the set theoretic product of the family {X, ) Q E 
A} of topological spaces. A set of the form fllaEA G, is an open box if G, is open in 
X, for each a belonging to A. The box topology on RaEA X, is the topology generated 
by the base of all open boxes. The space nDIEA X, with the box topology is denoted by 
0 x,. crE.4 
Theorem 2.5. lf X, is a topological space which is monotonically T2 for each CI in A, 
then q laE~Xa is monotonically T2. 
Proof. For a: E A, let ga be a monotone T2 operator on X, and let X = •laE~Xa. Let 
p and x be distinct points in X. Define the monotone TZ operator on X as follows: 
g(p, 2:) = n U, where U, = xa 
if p, = x,, 
CYEA 
g&-b4 if P, # 5,. 
If p and x are distinct, there exists a p belonging to A such that po # ZB; hence 
y(p, Z) n g(s, p) = 0. Thus part (i) of the definition is satisfied. 
Suppose M c X with p not an element of xl. Then there is a basic open set U c X, 
u = nac.4 U,, with p E U, such that U O M = 0. Let 
v= IIu,\(u{g,(z,,P,)Ix,EX,\U,}). 
LlEA 
Since p, # X, \ U, and X, is monotonically T2, 
Thus p E V C U, with V open in X. Suppose there exists 
z E vO{ u{s(z,p) lx E M}}. 
Then t E g(z’,p) for some 2’ E M, so za E ga(&,po) for all cy E A. However, z E V, 
so 
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Therefore, for all (Y E A, xb, +! X, \ U,. Thus, for all cr E A, we have x& E U, and 
x’ E U, a contradiction. Hence, 
2 $ u {g&p) I 2 E M> and V n (U {g(s,p) ( IC E M}) = 0. 
Since 
P 4 u {g(z,p) I z E M}, 
part (ii) of the definition is satisfied and g is a monotone TX operator on X. 0 
As a consequence of Theorem 2.5, we have another example, the Sorgenfrey plane, of 
a well known space which is monotonically T2 but which is not monotonically normal. 
In fact, by a theorem of Heath, Lutzer and Zenor [14], for any topological space X, 
if X x X is monotonically normal, then either all countable subsets of X are closed or 
X is stratifiable - two rather severe restrictions, 
Theorems 2.6-2.8 exhibit some nice properties of monotonically T2 spaces. 
Theorem 2.6 [4]. If the topological space X is monotonically T2, then X is a regular 
space. 
Theorem 2.7 [4]. rf X is a monotonically T2 space and A is a subspace of X, then A 
is a monotonically T2 space. 
Proof. Let g’ be a monotone T2 operator on X and A be a subspace of X. Suppose that 
p and q are distinct elements of A and define: g(p, q) = g’(p, q) n A. 0 
Gruenhage [9] showed that countable stratifiable spaces are Ml. We can generalize 
that to countable monotonically T2 spaces, and even further in the next section. 
Theorem 2.8. Zf X is a countable monotonically T2 space, then X is an Ml-space. 
Proof. Let g be a monotone T2 operator on the topological space X. For each x E X, 
let V, be a local base at x and for each V(x) in V,, define P, = {Pvc2) ( V(x) E Uz} 
where Pvc2) = (plv’“‘, P2”“‘), and where 
PVC”) = X \ u {9(Y/, x) I Y E x \ V(4) 1 
and PTCx) = V(x). Define 
P = u P, = u {PV@) 1 V(x) E vz}. 
XEX XEX 
Let x E X and U be a neighborhood of x. Then there exists a V(z) in V, such that 
V(Z) c u. so x E PIV@) c PJ+) c U. Thus P is a pair-base for X. To show that 
each P, is cushioned, let PL c P, for some point x belonging to X. Then 
PL = { (P;“‘Z’,p,V(5)) 1 V(X) E VL} for some Vk C V,. 
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Suppose that y does not belong to 
u {P-J@) I Vb:) E vk} = u pw I V(x) E vk} 
Then y is not an element of V(x) for each V(z) belonging to Vk. Therefore, we have 
that g(y, z) n P,v(z’ = 0 for each V(x) in Vk, and y is not an element of 
(UC I+-(“) 1 V(z) E v;}). 1 
Thus each P, is cushioned. Since X is countable, P = UzEX P, is a u-cushioned pair- 
base for X. Hence, X is a countable stratifiable space. Therefore, X is an Mi-space. q 
Unfortunately, many countable spaces are not monotonically T2 (see Examples 2. lo- 
2.12). Theorems 2.9, 2.15, and 3.7 show that some fairly weak local base properties do 
imply monotonically T2. 
Theorem 2.9. Every first countable T3 space is monotonically T2. 
Proof. For z and y any two distinct points of X, let {IJ’~(z)}~E~ and {Vn(y)},aEw be 
countable, nested, local bases at z and y, respectively. Let j(z) be the minimum index 
such that 2 is not an element of Vj(z,(y) and let i(z, y) be the smallest natural number 
such that Vi(,,,,(x) n Vj(,)(y) = 0. Now define g(z, y) = V&Y)(z). 
Since Y +$ 9(x, Y) c Vj(,) (x) and V,(,)(x) n v z(y,z) (y) = 0, we have that g(z, y) n 
S(Y,Z) = 0. 
Next, let M c %f c X \ {x} and let i be the minimum index such that K(z) n M = 0. 
Let y E M. Note that Vi(z) c Vj(,) (x) c X \ g(y, z). Therefore 
JJ E K(x) c X \ u {s(y> x) I Y E M}. 
Thus g is a monotone TZ operator on X and X is monotonically T2. 0 
While first countability plus regularity implies monotonically T2, neither one alone is 
sufficient as we can see from the following examples. In fact, complete regularity is not 
enough. 
Example 2.10. A countable, first countable TI space which is not monotonically T2_ 
Consider w with the cofinite topology. It is first countable, but not regular. By Theo- 
rem 2.6, it is not monotonically T2. Of course, it is not Hausdorff either, which makes it 
a somewhat unsatisfactory example, 
Example 2.11. A countable, jirst countable, Hausdorff space which is not monotoni- 
cally T2. Let X = {(z, y) E R2 1 y > 0} with the following topology: For the open 
upper half-plane, P = { (5, y) E R2 1 y > 0}, we have the usual Euclidean topology. For 
points on the s-axis, L = { (2, y) E !.I?* 1 y = 0}, we let basic open neighborhoods of the 
point (a, 0) consist of sets of the form 
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Then X is Hausdorff and first countable, but not regular. Hence, X is a first countable 
T2, space which, by Theorem 2.6, is not monotonically T2. 
Example 2.12. A countable, regular HausdorfSspace (in fact, a topological group) that 
is not monotonically T2. Let X be a countable dense subspace of the topological group 
2” (or 2”‘), and let G be the minimal subgroup of 2” (or 2”l) containing X. Then G 
is countable, but Heath [ 121 showed that X was not stratifiable, and so not an Ml- 
space. Therefore, by Theorem 2.8, X is not a monotonically T2 space. Hence, we have 
a countable topological group, which would be a completely regular space, that is not 
monotonically T2. (Note that, by Theorem 2.7, 2’ (or 2““) is also not monotonically T2.) 
Corollary 2.13. Let X be the Tychonoffproduct of the spaces {Xor}aE~. Iffor uncount- 
ably many of the X,, (X,( 3 2, then X is not monotonically T2. 
Proof. Since X contains a copy of 2”’ as a subspace and 2”’ is not monotonically T2, 
the result follows from Theorem 2.7. q 
The previous theorem can be extended from first countable spaces to spaces with a 
linearly ordered local base at each point, a lob-space as defined by Davis [6]. The proof 
is essentially the same. 
Definition 2.14. A topological space X is a lob-space if for each point z E X there 
is an open neighborhood base U(Z) at z such that U(Z) is linearly ordered by reverse 
subset inclusion, in other words, U(Z) is a linearly ordered local base at 2. 
Theorem 2.15. A regular TI space X which has a linearly ordered Zocai base at each 
point is monotonically T2. 
Another nice property that might be expected is that of being preserved under closed 
maps. However, as the following example shows, the closed image of a monotonically 
Tz space need not be monotonically T2. 
Example 2.16. The closed image of a monotonically T2 space that is not monotoni- 
cally T2. Let X be a monotonically T2 space that is not normal; for example, the tangent 
disk space (Niemytzki plane) mentioned earlier. Let A and B be two disjoint closed 
sets that witness the nonnormality of X, i.e., that cannot be separated by disjoint closed 
neighborhoods. Let Y be the quotient space obtained by identifying the points in A and 
by identifying the points in B, and let f : X + Y be the quotient map. Then the points 
f(A) and f(B) cannot be separated by open sets in Y. Thus Y is not monotonically 
TI, or even Hausdorff. A Hausdorff example may be obtained by merely identifying 
the points of A. Then the quotient space is not regular, and so, by Theorem 2.6, not 
monotonically T2. 
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Strong monotone normality (due to Heath and Zenor [ 15,161) is a strengthening of 
monotone normality. As in the case of monotone normality, we can strengthen monoton- 
ically T2 to strongly monotonically Tz in an analogous manner. 
Definition 2.17. A Tl space X is strongly monotonically normal (SMN) if there is a 
function G which assigns to every ordered pair (H, I() of disjoint closed sets of X an 
open set G(H, K) C X such that: 
(i) H c G(H,K) c G(H,K) c X\K; 
(ii) for disjoint closed sets H’ and K’ with H c H’ and K > K’, G(H, K) c 
G(H’, K’); 
(iii) if H’ c G(H, K) with H’ closed in X, then G(H’, K) c G(H, K); 
(iv) G(H, K) n G(K, H) = 0. 
The function G is called a strong monotone normality operator. 
Definition 2.18. A topological space X is strongly monotonically T2 if there is a function 
g : X x X + TX assigning to each ordered pair (x, v) of distinct points in X an open 
neighborhood, y(x, y), of 2 such that: 
0) g(z, 9) rJ s(y, ~1 = 0; 
(ii) if z E U{g(y,x) ) y E M}, then z E fi;i; 
(iii) if z E g(x, y), then g(z, y) c g(q y). 
We will call such a g a strong monotone T2 operator on X. 
Of course, strong monotone normality implies strong monotone Tz. The theorem on 
box products extends, with a similar proof [4], to this new property. 
Theorem 2.19 [4]. Zf X, is a topological space which is strongly monotonicatly T2 for 
at1 cy E A, then 0 aE~Xn is strongly monotonically T2. 
Another strengthening of monotone normality is acyclic monotone normality (due to 
Moody, Reed, Roscoe and Collins [20]). As above, we can strengthen monotonically T2 
to acyclically monotonically T2 and this is also preserved under box products [4]. 
3. mi-Spaces 
In 1985, Ito [ 171 showed that an M3-space in which every point has a closure preserv- 
ing local base is an Ml-space. Shin Ozone called this local version of Ml, ml, leading 
us to define in an analogous manner, m2 and m3, local versions of M2 and M3. 
Definition 3.1. A topological space X is an ml-space if each point of X has a closure 
preserving local base. 
Definition 3.2. A topological space X is an mz-space if each point of X has a closure 
preserving local quasi-base. 
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Definition 3.3. A topological space X is an ms-space if each point of X has a cushioned 
local pair-base. 
Clearly, first countable spaces are ml, and essentially the same argument shows that 
a lob-space is ml. (Hence, since nonarchimedean spaces have a linearly ordered local 
base at each point, a nonarchimedean space is ml.> 
Since, by Ito’s theorem [ 171, a stratifiable ml-space is an Mi -space, it follows from 
the above theorem that in lob-spaces, A43 & Mi. 
In the previous section we generalized Gruenhage’s theorem [9] that countable stratifi- 
able spaces are Mi -spaces to show that countable monotonically TZ spaces are Mi -spaces. 
It is obvious from the definition that it also holds true for countable ms-spaces. 
Theorem 3.4. If X is a countable ma-space, then X is an Ml-space. 
We can show that m3, like stratifiability, is a hereditary property. 
Theorem 3.5 [4]. Zf X is an mn-space and A is a subspace of X, then 
There is a very close relationship between the mi-spaces and the 
A is an m3-space. 
monotonically TZ 
spaces of the last section. We see that monotonically T2 spaces must be m3 and regular; 
Hausdorff ms-spaces must be monotonically T2; but we show a Hausdorff ml-space that 
fails to be either regular or monotonically T2. 
Theorem 3.6. If the topological space X is a monotonically T2 space, then X is an 
m3-space. 
Proof. Let g be a monotone T2 operator on X and let x be an element of X, with Va 
local base at x. Construct a local pair-base at z in the same manner as in Theorem 2.8. 0 
Theorem 3.7. If an rn?-space X is Hausdofi then X is a monotonically TZ space. 
Proof. For each z in X, let 
be a cushioned local pair-base at x. For x and y distinct points in X, define 
g(z, Y) = ( u {PA,, I Y 6 P:,%}) \ ( u {J&j I x ti J&J). 
CXA, PEA, 
Since X is Hausdorff, 
z E ( u R,, I Y 4 pa2J) 
&AZ 
and, since Pr, is cushioned, x is not an element of 
( u @,Y 1 z ti PpZ& 
BEA, 
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so g(x, y) is an open neighborhood of x. 
Choose z in g(x, y) and suppose that z is also an element of g(y, x). Then there is 
a 0’ belonging to A, and a (PL,,Y, 4,,y P2 ) belonging to Py such that z is an element of 
%Y but x is not an element of P$, y. This would mean that 
a contradiction to z being an element of g(x, y). Thus, g(x, v) n g(y, x) = 0. 
Finally, suppose x is not an element of m. Then there is an open set U containing x 
and U n M = 0. Since P, is a cushioned local pair-base at x, there is an CY’ belonging to 
A, and (p&,,, Pi,,,) belonging to P, with z E PA,,, c P:,,5 c U and Pi, r n M = 0. 
Let z be an element of PL, ~ and y be an arbitrary element of M. Then y is not an 
element of P,‘, ,r, so z is an element of 
u R,, I Y $ P&) 
aEA, 
and hence, z is not an element of g(y, x) for each y belonging to M. Therefore, 
P&,z ” (u {s(w) I Y E M}) = 0 
and x is not an element of 
u {dY>X) I Y E M}. 
Thus g is a monotone T2 operator on X. 0 
Corollary 3.8. Every Hausdorfm3-space X is regular: 
That we do not need regularity for rn3 to give monotonically TZ is rather surprising, 
especially since it was apparently necessary in the ml situation. At first glance, one 
would expect that, as in the global case, ml + m2 + ms. However, this is not the 
case. In Example 2.11, we considered the upper half-plane, with a special topology. This 
space was Hausdorff and first countable (but not regular), and so an ml-space, hence 
not an ms-space. Thus ml does not imply m3. If the space is regular, we do have 
ml + m2 + ms, and in any case, ml + m2. 
Theorem 3.9 141. Every ml-space X is an m2-space. 
Theorem 3.10. Every regular rnz-space X is an ms-space. 
Proof. Let x be a point in X and U, = {ua,Z}a~A be a closure preserving local quasi- 
base at 2. Now let 
and let U be a neighborhood of x. Since X is regular, there is a basic open set V 
containing x, with V C v C U. Since l.4, is a local quasi-base at x, there is an cy’ 
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belonging to A such that U,,, belongs to U, and x E int U,,, c U,,, c V. Therefore, 
we have that x E int U,,, c U,,, c U, and that P is a local pair-base at x. To see that 
P is cushioned, let 
P’ = { (intu,,,, Ua,z)}aEAj C P, 
where A’ c A. Then, we have that 
U {imu,,, ) LYE A’} c u{ Ua,, / a E A'} = U{Ua,z 1 Q E A'), 
and so P is cushioned. Hence, we have shown that X is an ms-space. 0 
Corollary 3.11. Every regular ml-space X is an m3-space. 
Corollary 3.12. Every regulal; HausdotfJ; ml-space X is a monotonically T2 space. 
We can also show that strong monotone T2, and so strong monotone normality, im- 
plies me. Hence those spaces shown to be strongly monotonically normal, such as nonar- 
chimedean spaces, proto-me&able spaces, and closed continuous images of linearly or- 
dered topological spaces [4], are also mz. We do not know if the condition is necessary. 
Theorem 3.13. If X is a strongly monotonically T2 space, then X is an ma-space. 
Proof. Let g be a strong monotone T2 operator on X, let x be a point in X, and let V 
be a local base at x. Then for each set V belonging to U, we define 
Note that V’ is closed in X, with V’ c V, and let V* = {V’ 1 V E V}. For each 
V belonging to V, x is not an element of X \ V, so we have, since X is strongly 
monotonically T2, that x is not an element of 
u {dYJ) I Y E x \ q 
Thus, 
xEX\U{g(y,x)IyEX\V}CintV*. 
Let U be a neighborhood of x in X. There is a V belonging to V such that x E V c U. 
Then x E int V* c V* c V c U, so v* is a local quasi-base for x. 
To show that V* is a closure preserving collection, let V; c V’. It is clear that 
Suppose that z is not an element of (J{V* ) V E VT}, so that, for each V* in VT, 
z E U{g(y, x) 1 y E X \ V}. Thus, for each V’ belonging to V;, there is a y E X \ V 
such that z E g(y, x), and, since X is strongly monotonically Tz, we have that 
Ax) c S(Y>Z) C u {S(YA I Y E x \ '/} 
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for all V’ E V;. Therefore, g(z, Z) n V* = 8 for each V’ belonging to VT, and so 
g(z, Z) n (U {V* 1 V E V;}) = 0. 
Hence, z is not an element of 
up* I v E v;> 
and V* is closure preserving, so X is an rnz-space. 0 
4. Questions 
Since these are new concepts, there are many questions left to be answered. Is the 
countable Tychonoff product of monotonically T2 spaces monotonically T2? What about 
the C-product? Is the Tychonoff product of monotonically normal spaces monotoni- 
cally T2? What classes of spaces are monotonically T2? If other properties are combined 
with monotonically T2, what classes of spaces do we get? Under what circumstances 
and in what classes of spaces is monotonically T2 preserved? All of the above questions 
may be applied to strongly monotonically T2 and acyclically monotonically T2. Does 
monotone normality plus strong (acyclic) monotone T2 imply strong (acyclic) monotone 
normality? Can any of the implications ml + rn2 =+- rn3 be reversed? If ms =+ ml, then 
by Ito’s theorem [ 171 we would have Ms + Mr. However, it could be true that ms + ml 
in stratifiable spaces, but not in general. In other words, it could be that Ms + Mr, but 
that ms does not imply ml. In fact, while M3 + M2, it may be that ms does not imply 
m2 in the general situation. Can Gruenhage’s [9] or Junilla’s [ 181 approach to showing 
A42 @ M? be used in the local situation? It is fairly easy to show that ms is a hereditary 
property, and one might expect that the ml case would be similar. But, again by ho’s 
theorem, this would make MI a hereditary property, which is equivalent to Ms + Ml 
[ 131. Does “every point has a o-closure preserving base” imply that the space is ml ? The 
analogous question could be asked for rn2 or ms. Under what conditions does ms imply 
ml (or m2)? Does strong monotone normality, possibly with some additional property, 
imply ml? Which of the standard topological operations preserve the property of being 
ml-spaces (or m2-spaces or ms-spaces)? A few things are known about mi topological 
groups [8], but other questions remain. 
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